The foundation of an algebraic theory of binary relations was laid by C. S. Peirce, building on earlier work of Boole and De Morgan. The basic universe of discourse of this theory is a collection of binary relations over some set, and the basic operations on these relations are those of forming unions, complements, relative products (i.e., compositions), and converses (i.e., inverses). There is also a distinguished relation, the identity relation. Other operations and distinguished relations studied by Peirce are definable in terms of the ones just mentioned. Such an algebra of relations is called a set relation algebra.
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A modern development of this theory as a theory of abstract relation algebras, axiomatized by a finite set of equations, was undertaken by Tarski and his students and colleagues, beginning around 1940. In 1942, Tarski proved that all of classical mathematics could be developed within the framework of the equational theory of relation algebras. Indeed, he created a general method for interpreting into the equational theory of relation algebras first-order theories that are strong enough to form a basis for the development of mathematics, in particular, set theories and number theories. As a consequence, he established that the equational theories of relation algebras and of set relation algebras are undecidable (see [10] and [11] , and see [2] or [11] , in particular Chapter 8, for unexplained terminology). They were the first known examples of undecidable equational theories. As was pointed out in [11] , Tarski's proof actually shows more. Namely, any class of relation algebras that contains the full set relation algebra on some infinite set (i.e., the set relation algebra whose universe consists of all binary relations on the infinite set) or, equivalently, that contains all set relation algebras on infinite sets must have an undecidable equational theory.
Tarski continued to be interested in decision problems for classes of relation algebras, and at various times he posed one or more such problems to his students. Some of these problems are formulated below:
Tarski's decision problems for relation algebras. Which of the following classes have undecidable equational theories ?
(1) Group relation algebras, i.e., algebras of complexes (subsets) of groups under the usual Boolean and group complex operations. As a consequence of Theorem 1 given below, we conclude that each of these classes has an undecidable equational theory.
The pervasiveness of undecidable theories within the lattice of equational theories of relation algebras leads to the problem of determining which equational theories of relation algebras are decidable. Of course, it is trivial to observe that the equational theory of a finite relation algebra (or, equivalently, of any finite collection of finite relation algebras) is decidable. It is natural to ask whether these are the only examples. Theorem 2 establishes a strong negative answer to this question. Namely, there is a complete embedding f of the lattice of subsets of ω into the lattice of equational theories of relation algebras such that, for each X ⊆ ω, f (X) is a decidable theory iff X is a decidable (i.e., recursive) set.
All of the theories in Theorem 2 are locally finite, i.e., their finitely generated models are finite. This raises the question whether every decidable equational theory of relation algebras is, per force, locally finite. Theorem 3 gives a negative answer to this question.
Recall that two sets of natural numbers are recursively inseparable if there is no recursive set that includes one and is disjoint from the other. A sentence is falsifiable in a class of models if it fails to hold in one of the models of the class. Theorem 1. Let K be a class of relation algebras satisfying one of the following conditions:
(i) For each n ∈ ω, a simple algebra with at least n elements below the identity is in K; (ii) For each n ∈ ω, the group relation algebra on a symmetric group of cardinality at least n is in K; (iii) For each n ∈ ω, the group relation algebra on (the reduct to the group operations of) a vector space of dimension at least n is in K.
Then the equational theory of (all) relation algebras is recursively inseparable from the set of equations falsifiable in K.
Corollary. If K is a class of relation algebras satisfying one of the conditions (i)-(iii) in the preceding theorem, then K has an undecidable equational theory.
Tarski's original theorem (in the stronger form mentioned above) follows at once from the corollary, using condition (i). Indeed, the full set relation algebra on an infinite set has infinitely many elements below the identity. In a similar fashion, we conclude that the class of all finite set relation algebras, the class of all finite relation algebras, and the class of all set relation algebras on finite sets have undecidable equational theories. The equational undecidability of this last class was originally established in [9] .
Condition (i) fails for classes of relation algebras with few elements below the identity, for example, classes of integral relation algebras, i.e., classes of relation algebras in which the identity element is an atom. Each of (1)- (5) is such a class. However, using condition (ii) we can conclude, e.g., that the class of all group relation algebras and the class of all finite group relation algebras have undecidable equational theories. Condition (ii) cannot be applied to classes of Abelian relation algebras, since the group relation algebra on a symmetric group with at least six elements is never Abelian. Using condition (iii) we conclude at once that, e.g., the class of all Abelian relation algebras, the class of all Abelian set relation algebras, the class of all symmetric relation algebras, the class of all symmetric set relation algebras, the class of all Abelian group relation algebras, and the class of all Abelian p-group relation algebras, for any prime p (in particular, the class of all Boolean group relation algebras), have undecidable equational theories. So do the corresponding subclasses of finite algebras. And so does the group relation algebra of the additive group of the reals. The undecidability of the equational theory of symmetric relation algebras is due to Peter Jipsen, who first pointed out that it can be derived rather easily from the main theorem of [5] .
The proof of Theorem 1 under the assumptions of condition (iii) uses the results in [4] . The authors first proved (in 1991) a version of Theorem 1 applying to classes of Abelian relation algebras. They communicated this to Alasdair Urquhart, who responded that, using similar methods which he first applied in [12] , he had proved a closely related (unpublished) result. Namely, any variety of distributive lattice-ordered semigroups (DLsemigroups) that contains the DL-semigroup of subsets of a vector space of, e.g., infinite dimension, has an undecidable word problem (see [13] ). He also pointed out that, using the methods of [12] , he could handle the non-Abelian case. The authors then saw that, following this suggestion, their proof could be converted into a proof of Theorem 1 under the conditions of (iii) (i.e., the original Abelian assumption could be dropped). Recently, Christian Herrman has informed the authors that he has proved a version of the corollary, under the conditions of (iii), applying to classes of representable relation algebras; see [1] .
Recall that the lattice of equational theories of relation algebras is dually isomorphic to the lattice of universal classes of simple relation algebras. Thus, any result about the former can be formulated in terms of the latter. Let L be the class of subalgebras of Lyndon algebras (on sets of cardinality at least 3). One can show that L is a universal class of simple relation algebras. Thus, the set of universal subclasses of L forms an interval in the lattice of all universal classes of simple relation algebras. For each X ⊆ ω, let L X be the class of algebras A in L such that, for all n ∈ ω − X, A is not isomorphic to the Lyndon algebra on a set of cardinality n + 3. Then L X is a universal subclass of L.
Theorem 2. The mapping X −→ L X is a complete embedding of the lattice of subsets of ω into the interval lattice of universal subclasses of L. The equational theory of L X is decidable iff X is decidable. Finally, every universal subclass of L that is not in the range of this embedding has a decidable equational theory.
Thus, for example, the class L ω , i.e., L itself, has a decidable equational theory, although it is not generated by any finite collection of finite algebras.
Corollary. There is no smallest variety of relation algebras with an undecidable equational theory.
This corollary solves an open problem in [7] . Notice that the class L, and hence each of its subclasses, is locally finite.
Theorem 3.
There is an infinite set relation algebra that is not locally finite (in fact, it is generated by one element) and yet has a decidable equational theory.
